We propose a measure of quantumness based on an addition-then-subtraction operation. We demonstrate how this measure can distinguish between classical and bosonic particles by investigating in detail multi-particle bosonic systems. Experimental schemes implementing this measure for bosons in all-optical and atom-cavity systems are provided. We also apply this measure to single-mode fermionic systems.
I. INTRODUCTION
Quantum particles exhibit wave-particle duality [1] . The wave nature allows quantum particles not only to show interference in a double-slit experiment but also to be indistinguishable from each other if they are in the same energy state. Quantum particles are classified into bosons and fermions showing bunching and antibunching effects, respectively. A large number of noninteracting bosons can occupy the lowest energy state, while only one fermion can occupy a particular energy state due to the Pauli exclusion principle. Quantum particles exhibit entanglement [2] , which is an essential resource in quantum information processing [3] . For example, by injecting single photons (bosons) to the input modes of a 50 : 50 beam splitter, one can generate a well-known entangled state |2, 0 − |0, 2 by HongOu-Mandel interference [4] . For fermions, by injecting two electrons to two mesoscopic electron beam splitters [5] , i.e., B M bc B M ab |1 a |0 b |1 c , one can generate a Dicke state of three qubits with two excitations [6, 7] , 1 √ 3 (|1, 1, 0 + |1, 0, 1 + |0, 1, 1 ). On the other hand, classical particles are distinguishable even in the same energy state, resulting in different statistics.
The differences among classical, bosonic, and fermionic particles have been investigated with the statistical behavior of the particles at a lossless beam-splitter, for example [8] . When each particle is injected into a 50 : 50 beam splitter, the output modes generate different statistics, i.e., classical [P (1, 1) = 1/2, P (2, 0) = P (0, 2) = 1/4], Bose [P (2, 0) = P (0, 2) = 1/2], and Fermi [P (1, 1) = 1] statistics. Other works investigating the difference between these three different behaviors include (1) measuring quantumness via an anticommutator [9] , where the quantumness of any two quantum states was quantified by the nonpositivity of the anticommutator, and (2) measuring bosonic and fermionic properties with the difference of vacuum state probability via addition-then-subtraction operation [10] , where the measuring properties were restricted to vacuum and singleparticle probabilities. For bosons, there have been investigations on nonclassical properties by photon additionthen-subtraction operationââ † [11] [12] [13] . Moreover, the sequential operations of addition and subtraction are useful in probing quantum commutation rules [14] [15] [16] , improving entanglement properties in continuous variable systems [17, 18] , enhancing the degree of nonlocality [19] , achieving noiseless amplifier [20] , and quantifying bosonic (fermionic) behavior in composite particle systems [10] .
Here we propose a scheme to compare the three types of particles in a single mode via addition and subtraction operations and suggest possible experimental implementations. Suppose one is given a device that adds and subtracts a given type of particle. This device works very differently for the three types of particles. For classical particles, the addition and subtraction operations work deterministically, whereas for quantum particles, the operations can only be carried out probabilistically, e.g., addition and subtraction of photons [11] . Thus, using an addition-then-subtraction operation, we can distinguish the quantum particles from the classical particles and quantify quantumness through their indistinguishability. We define the degree of indistinguishability as quantumness via addition-then-subtraction operation. It represents the tendency of particles to stay together in a mode. Classical particles are distinguishable so that we can tell them apart. The degree of indistinguishability for classical particles is fixed, regardless of the number of particles. In contrast, bosonic particles are indistinguishable, so that we cannot tell them apart. Thus the degree of indistinguishability for bosonic particles increases with the number of particles. Fermionic particles obey the Pauli exclusion principle so that each particle should occupy one mode. Due to this limit in the occupation number, the degree of indistinguishability for fermionic particles is bounded.
We focus on multiparticle probabilities which are useful in quantifying the degree of indistinguishability for bosonic particles. For photons, the degree of indistinguishability (upon adding and then subtracting a photon) increases with the increasing mean photon number and therefore the deviation from classical behavior increases. This feature is also present in the case of coherent states in spite of the fact that their fractional uncertainty in photon number and their phase uncertainty decrease, which is considered to be a classical feature of this class of states. This shows us that one has to be careful of what to measure to detect quantumness of bosonic systems. Restriction to measurements of a photon number distribution fails to capture a highly nonclassical behavior that stems from indistinguishability of bosons. This paper is organized as follows. Section II begins with an identification of classical and quantum particles from the particle viewpoint and provides a generalized operator description. In Sec. III, we propose a measure to test bosonic and fermionic properties via an additionthen-subtraction operation. Furthermore, we suggest implementable schemes in an atom-cavity system as well as in an all-optical system. We conclude in Sec. IV.
II. IDENTIFICATION OF CLASSICAL AND QUANTUM PARTICLES
We consider addition and subtraction operations to distinguish quantum particles from classical ones. In classical mechanics, addition and subtraction operations are independent of the initial state, such that the initial state does not change after the sequential operation, i.e., the addition-then-subtraction or subtraction-thenaddition operation. In quantum mechanics, addition and subtraction of a boson (photon) depends on the initial state. For example, when there are n bosons initially, addition operation is defined asâ † |n = √ n + 1|n + 1 , where √ n + 1 indicates the probability amplitude that we can identify the photon we added in the final state after addition. Subtraction operation is defined asâ|n = √ n|n − 1 , where √ n indicates the probability amplitude that we can identify the photon we subtracted in the initial state before subtraction. After the addition-thensubtraction operation (ââ † ) or subtraction-then-addition operation (â †â ) on a state |n , the corresponding particle state becomes (n + 1)|n or n|n , where the prefactors (n + 1) and n exhibit the tendency for bosons to stay together in a mode.
Differences between classical and quantum particles are clearly seen from the effects of addition and subtraction of particles on a single-particle state. Note that one has to start with at least one particle because the process of one-particle subtraction is not possible when there is no particle to begin with. For one-particle subtraction then addition, there is no difference between classical and quantum particles if we start with one particle: The initial particle is merely taken away from the initial place and then returned to the same place. For one-particle addition then subtraction from one particle, however, there is a difference between classical and quantum particles. Of course, a classical particle returns to the initial state after the operations, but this is not the case for a quantum particle. After adding one quantum particle to the initial one, it is impossible to deterministically subtract the same particle since quantum particles are indistinguishable. The situation is depicted in Fig. 1 , where we associate the indistinguishability with the overlap be- tween the quantum particles.
A formal description of the addition and subtraction operations can be given within the mathematical formulation of quantum mechanics. We define generalized subtraction and addition operators aŝ
where n is the number of particles, and the addition operatorĉ † k is derived by the adjoint of the subtraction operator. The differences between quantum and classical systems are typically ascribed to the commutation relation of the addition and subtraction, which vanishes for classical particles. Using the relation (2.1), we can test the commutator,
where k 0 ≡ 0. To make the right-hand side zero, we can put all the coefficients k n equal, i.e., k n = k n+1 (n ≥ 1), such that we obtain the relation,
Then the coefficient k 1 should be zero to make the commutator vanish. However, the operator vanishes in this case, and one sees that the commutation relation cannot be made to disappear completely in this classical regime. The situation is very different in the quantum regime. For bosonic particles, the commutator is equal to the identity, [ĉ k ,ĉ † k ] = I, with |k n | 2 = n. For fermionic particles, due to the Pauli exclusion principle, the operator is transformed intoĉ k ≡ k 1 |0 1| such that the anticommutation relation becomes {ĉ k ,ĉ † k } = |k 1 | 2 (|0 0| + |1 1|). Thus, the anticommutator is equal to the identity with
We have shown that although quantum formalism readily admits the description in terms of commutation relation, the generalization to the classical regime is not 
straightforward. It can be understood by looking into the two termsĉ kĉ † k andĉ † kĉ k separately. Based on the relation (2.1), we obtain the following relations:
For |k n | 2 = 1, the relations becomeĉ kĉ † k = I, and c † kĉ k = I −|0 0| respectively. From this, one immediately sees that the commutation relation cannot approach zero because of the vacuum component in the addition-thensubtraction operation.
Therefore, instead of the commutation relation, we propose to consider the addition-then-subtraction operation which reduces to the identity for classical particles. For m initial classical particles |m c (m ≥ 0), we obtain the resultĉ kĉ † k |m , we can figure out whether a given particle is classical, bosonic, or femionic:
The general relations for classical and quantum particles are shown in Table I , whereĉ o ,ĉ b ,ĉ f are for |k n | 2 = 1, |k n | 2 = n, |k 1 | 2 = 1 respectively. Motivated by the above equations, we quantify the degree of indistinguishability
where m is the number of particles and classical, bosonic, and fermionic particles correspond to I d = 1, I d ≥ 1, and 0 ≤ I d ≤ 1, respectively.
III. TEST OF BOSONIC AND FERMIONIC PROPERTIES VIA ADDITION-THEN-SUBTRACTION OPERATION
In this section, we investigate the difference between bosonic and fermionic properties via the additionthen-subtraction operation and propose implementable schemes for bosons in all-optical and atom-cavity systems. The addition and subtraction operations are onesided unitary,ĉ oĉ † o = I, in the classical limit, i.e., the addition operation is norm preserving for classical particles. For quantum particles, however, this is not the case. Thus, based on the norm preserving property, we can write down an analytic relation for bosons and fermions.
A. Bosonic and fermionic properties
The norm increases after the addition operation for bosonic particles, whereas it decreases for fermionic ones, except the initial vacuum state. It is convenient to write it in the following form:
where b (f ) denotes a boson (fermion), and the equality holds for the vacuum state. We can test the inequalities with a density matrix, ρ = (1 − p)|0 0| + p|1 1|, which can be considered in the case of bosons as well as fermions. This density matrix can be generated with quantum scissors [21] and a thermal field,
where 
. Coefficients t and r are the transmissivity and reflectivity of the beam splitterB ab , respectively. Thus the density matrix be-
When applying it to the inequalities (3.1) and (3.2), the left-hand side becomes 1 + p for bosons and 1 − p for fermions. Note that this measure is different from the measure proposed by Kurzyński et al. [10] , which is optimized for the density matrix ρ at p = 1/3. On the other hand, our measure is optimized for ρ at p = 1.
For bosons, we can test other quantum states, such as a coherent state |α or a thermal state ρ th . The left-hand side of the inequality (3.1) becomes 1 + |α| 2 and 1 + n for coherent and thermal states, respectively. We can see that the degree of indistinguishability for the states increases with the mean photon number of each state. Furthermore, we can consider higher-order relations as follows:
where n is a positive integer. Since the operatorĉ b is equal to the photon annihilation operatorâ, the lefthand side of the inequality (3.4) becomes the expectation value of the antinormal ordering operator, â
π α|ρ|α , where Q(α) is positive semidefinite [22] . For coherent and thermal states, the l.h.s. of the inequality (3.4) becomes n!L n (−|α| 2 ) and n! (1 + n) n , respectively, where L n (−|α| 2 ) is the Laguerre polynomial. For a given mean photon number, their indistinguishability increases much more rapidly with increasing n.
B. Implementable schemes
As we have discussed earlier, we do not consider the operationâ †â . Thus, for consistency, the expectation value ψ|ââ † |ψ should be measured without resorting to the commutation relation. For this purpose, we consider coupling a probe to a bosonic system |ψ . This indirect measurement requires only a two-level probe, whereas a direct measurement requires a multilevel probe. Here, we show that it is possible to obtain the expectation value ψ|ââ † |ψ by counting the photon number of the idler mode in a nondegenerate parametric amplifier (NDPA) with small coupling strength. Likewise, the expectation value is also obtained by detecting the atomic state of the atom-cavity field system at gt √ n + 1 ≪ 1 if the atom is initially prepared in the upper state |e .
In an optical system, the norm of bosonic particles via addition operation can be obtained with the help of an NDPA with small coupling strength s ≪ 1. An arbitrary state |ψ is injected to a single mode of the NDPA with the idler mode in the vacuum state,
In this case, there are only two possibilities on the number of photons in mode b, as verified in a recent experiment [14] . Then, counting the number of photons in mode b, we get the probability of each outcome, P b (0) and P b (1), as follows:
Given a coupling strength of the NDPA, we can obtain the norm of bosonic particles after the addition operation by counting the number of photons in mode b, 8) where
. We assume that the norm of the initial state is equal to 1, i.e., ψ|ψ = 1. N b (0) and N b (1) are the number of counts that zero and one photon are detected in mode b, respectively. At s = 0.01 [14] , the probability of detecting more than one photon is negligible and one would see no detection event except for the few times when one photon is detected in the idler mode b. By considering an on-off detector efficiency η, Eq. (3.8) becomes
In an atom-cavity system, we can obtain the norm by interacting a two-level atom with a single-mode cavity field at resonance. The time evolution of the atomfield system is |ψ(t) = e −iĤt/h |ψ(t = 0) , whereĤ = hg(â †σ − +σ +â ),σ − = |g e|, andσ + = |e g| [22] . g is the atom-field coupling constant,σ − andσ + are atomic ladder operators with |e and |g denoting the upper and lower states of the atom, andâ † andâ are photon creation and annihilation operators. Initially, the atom is prepared in |e and the cavity field is in an arbitrary pure state |ψ = n=0 c n (0)|n . Then, the atom-cavity system evolves as [23] 
Equation (3.10) can be approximately satisfied with small coupling constant (g), and short interaction time (t) for a given maximum photon number. Then, detecting the atomic state, we obtain the norm 11) where N g (N e ) is the counting number of the atom in the lower (upper) state. For a coherent state, the condition equivalent to gt √ n + 1 ≪ 1 is achieved by keeping the amplitude |α| of the coherent state small and keeping the interaction time short, which can be controlled by the speed of an atom injected into a cavity [24] . The atoms passing through the cavity field will be detected in the upper state most of the time with only a small number of them detected in the lower state. The probability of detecting the output atom in the lower state increases as 1 + â †â as shown in Eq. (3.11). When considering two identical field ionization detectors [25] , Eq. (3.11) remains unchanged even with a finite detection efficiency.
IV. CONCLUSION
We have shown how to distinguish quantum particles from classical particles via an addition-then-subtraction operation. With a generalized operator description, we have demonstrated the difference between the norm of the particles ψ|ĉ kĉ † k |ψ . For one-particle states, the norm becomes 1, 2, and 0 for classical, bosonic, and fermionic particles, respectively. Based on our definition (2.6), the degree of indistinguishability for bosonic particles increases with the number of particles, and the one for fermionic particles exhibits a range 0 ≤ I d ≤ 1. For classical particles, the degree of indistinguishability is fixed as 1. We have applied the addition-thensubtraction operation to quantify bosonic and fermionic properties, showing in particular that the indistinguishability increases with the mean photon number. Furthermore, we have shown that one can evaluate the deviation from classical particles, with an indirect measurement requiring only a two-level probe, by measuring an idler mode of a nondegenerate parametric amplifier with small coupling strength or by detecting an atomic state of a weakly interacting atom-cavity field system. The ability to determine the degree of indistinguishability of bosonic or fermionic systems is important if one wants to use these systems in quantum computation and quantum information processing. For instance, boson sampling [26] relies on the indistinguishability of bosons to compute the permanent of a matrix with an exponential speedup with respect to classical computers.
